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Approximately Complete Markets:
A Generalization of the States of the World Model*

One goal of the study of finance is to determine the objective func~-
tion of firms. The usual assumption made is that firms follow the dictates of
their stockholders. As long as firm decisions do not alter the portfolio
opportunities available the implied objective function of the firm is to maxi-
mize market value, The states of the world model allows the study of this
provisio in a more general framework than the usual mean-variance protfolio
model, In the states of the world model a complete market of contingent claims
guarantees that the investor can generate any desired pattern of returns. While
firm decisions may alter the opportunity set of investors, they do not alter the
space spanned by available assets. Under this circumstance as loné as firms are
valued as the contingent claims they implicitly represent, market value maximi-
zation is optimal for all stockholders.lJ

The states of the world model suffers from the problem in defining
exactly what the finite number of states are.gj At best it would seem that the
finite number of states are only used as an approximation to an infinite number
of states. The question immediately arises whether it is a good approximation
to a world with an infinite number of states. 1In this paper the states of the
world is extended to allow for uncountably infinitely many states;gl We will then

see under what circumstances a finite number and a small finite number of contin-

gent claims can be used to approximate a complete market.

1/ See Reference 4.

2/ See Reference 5, p. 158,

3/ Peter A, Diamond has examined the case of a continuum of states. However he
either constrains individuals' return functions to be linear combinations of firm
return functions, or allows a continuum of contingent claims. See Reference 2.

*The author is indebted to Robert Forsythe and Robert Wilson for their helpful com-
ments on an earlier version of the paper. Of course, errors and oversights are the
responsibility of the author. Opinions expressed herein do not necessarily represent
the views of the staff or of the Board of Governors of the Federal Reserve System.,
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The Model

Let 2 be a set the elements of which are states of the world. Let
€ be a 0 algebra of sets in 9 and Pi be probability measures of £ for indivie-
duals i=1,...,N. (Q,EQPi) are probability spaces. Suppose £ has cardinal num-
ber less than or equal to the cardinal of the continuum., Further let X be a
1-1 mapping of £ into [0,1] which is measurable in Z. X is a random variable,

For each state in @ the return of each of K firms assumed by a given
individual is a fized real number., Let these firm return functions assumed by
individuals be the same for all individuals. Using X the return functions can
be written as functions with domain [0,1] and the distributiog'functioni Fi of
X for each Pi over measurable sets in [0,1] can be used in the place of Pi and
Z. Further let r,(s) be the return of firm j assumed by all individuals to
occur if X=s, j=l,...,K, 8&[0,1l]. In order for expected returas to be defined
r.{(s) must be measurable functions (random variables). Also assume that rj(s)
is a bounded function of s for given j. The economy can pay off a limited
amount in any state.

If there were a complete market, a contingent claim for each of the
possibly uncountably infinite number of states, any appropriately bounded return
function vi(s) could be chosen by individual i. However, the economy cannot
produce an infinite numwber of claims. The question is, then, can vi(s) be ap-
proximated (in an appropriate sense) by a finite number of contingent claims?
The usual assumption made is that individuals are expected utility maximizers,
and that utility functions are continuous and strictly increasing in wealth.
For expected utility of vi(s) to exist vi(s) must be measurable, Further vi(s)

must be bounded as limited payoffs are available. Let u, be the ith individual's



utility of income function with the above ascribed attributes. Then vi(s) and,
therefore, ui(vi(s)) are square integrable,éj

For simplicity of exposition the subscript i will be deleted from the
Uis Vs and Fi functions in the following discussion. We need to find a re=-
turn function v¥*(s) which is a linear combination of a finite number of contingent
claims that approximates v(s) in an appropriate sense. v(s) was chosen to maximize
expected utility under constraints. An appropriate requirement is that v¥(s)

approximate v(s) in expected utility, that I% {u[v(s)]-u[v*(s)]} dF(s) be small.
A sufficient condition for this clearly is that I% {u[v(s)]-u[v*(s)]}2 dF(s) be

small.,

We have already assumed enough to guarantee that there exist a v¥*(s)
satisfying the above criterion. ul[v(s)] is a square integrable function. There-
fore there exist functions hn(s), each taking on a finite number of values,
such that they converge to u[v(s)] in mean square, I]i})tg I(])' {u [v(s)]-hn(s) }2 dF(s)
= 0 [Reference 8, Vol. 2 p, 85]. hn(s) is a good approxiﬁation to ulv(s)] for
large n. There has been shown that an approximation, in mean square, to ulv(s)]
exists, but not that the desired approximation to v(s) exists, However, this
follows immediately as hn(s) is equal to u[vi(s)] where vi(s) is also some
function taking on a finite number 6f values. ' Tt remains to.show that v:(s) is
a linear combination of a finite number of conFingent cla.:'Lms1;I Suppose v:(s)

takes on values y;s...,¥, On Tyseoes By respectlveéy, where 195
* ‘ ,
= - - o z -
and TinTj B,i#3, 'I‘i measurable. Then vn(s) sZ1 94 XT:’.(S) where XT is the

Tj = [0,1]

4/ Integrable and bounded imply square integrable.,
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*
. v_(s) is a linear combination
0, otherwise. n( ) a

characteristic function XT;(S) ={

of a finite number of contingent claims that pay one if s belongs to a measurable
subset of [0,1] and zero-otherwise.z/
If contingent claims are written on sets of states rather than states
each individual can get arbitrarily close to his desired return function using
a finite number of claims. Therefore with a finite number of individuals an
approximately complete market can be achieved with a finite number of contingent
claimS.é/
In general the more claims available, the larger M, the better the ap-

proximation. The ability to approximate a complete market is of little interest
if the number of claims markets necessary for a good approximation is large.

The smaller the variation in individuals' desired return functions the fewer
claims are necessary to achieve a given closeness of approximation. It is
impossible to determine a priori the degree of variation in desired return func-
tions. The number of claims necessary to achieve a given closeness of approxi-
mation is an empirical question, mot a theoretical one. However, by imposing
additional assumptions, we can rule out the possibility that as the number of
individuals in a market grows the necessary number of claims increases without
bound, Suppose {ui[vi(s)]} form, or can be approximated by, a piecewise equi-

7/

continuous family of founctions.~ Then all desired return functions can be ap-
proximated with a set of claims on subintervals of equal size. Even if there

are an infinite number of individuals, a given closeness of approximation to each

5/ It follows from the Luzin C-property and the boundedness of ufv(s)] that sub-
intervals can be used. See Reference 8, Vol. II p: 42,

6/ Similar analysis follows for the states of the world model with K goods in
states (x¢5E1 to be allocated between N consumers, See Reference 1,

7/ See Reference 8 Vol. I p. 54.
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vi(s) can be achieved with a finite number of claims. The greater the "degree"
of equicontinuity, the fewer claims are necessary for a given closeness of
approximation. In the appendix conditions sufficient for such equicontinuity are
presented,

In the preceding discussion boundedness was imposed on the return func-
tions of firms. This boundedness guarantees that all the moments of the return
functions exist. However empirical evidence tends to refute the existence of
second and higher moments of common stock.§/ Fortunately this does not present
a serious problem for the model. The concern is with the approximation of ex-
pected utility, that is to say with the first moments of the utility functions,
These first moments are assumed to exist, E{u[v(s)]} exist. Therefore if

Lufv(s)] dF(s) so that

YB

1im J Bu[v(s)] dF(s) = 0. ulv(s)] can be truncated to form the function
B0 ¥

Y = {s|ulv(s)]> B}, E {ulv(s)]} = I ulv(s)] dF(s) +
| [0,11/4%

iffu[v(s)]f_B'
otherwise

W [v(s)] = {;[V(S) I
E{WB[v(s)]} % E{ulv(s)]} for large B, and WB[V(S)] can be approximated by the
techniques presen?ed above., Alternatively, of course, one could simply restrict
oneself to bounded utility functions. The boundedness of rj(s) was used only
to guarantee boundedness of u[v(s)].

We assumed that the states of the world were mapped into [0,1]. The
results are easily extended to the case where the mapping is into the unit
cube In, in other words X is a vector random variable., TFurther the restriction
to [0,1] or I" rather than ET or EH is not important as they are homeomorphic.

The states of the world can be considered as n real valued variables, an inter-

pretation with more intuitive appeal in application to the real world.

8/ See Reference 6,
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Summary

The case of n states of the world is generalized to n real valued
" varigbles., In such a market profolios of the claims to the returns of a
finite number of firms are not complete, or even approximately so. However,
a complete market of contingent claims can be approximated by a finite number
of contingent claims written on sets of states. This approach obviates the
problem of exactly what a "state of the world" is. .
It should be stressed that an approximately complete market does
not in general imply that firms are approximately market value maximizers.,
As with complete markets, it is also necessary that individuals assume the
same return functions for firmscgj The results of this paper suggest that
significantly non-market value maximizing behavior of firms may be better

explained by differences in assumed return functions that by incomplete markets.

9/ See Reference 2 p. 765,
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Appendix I: Equi-Risk Aversion and an Infinite Number of Individuals

In the text it is mentioned that if {uifvi(s)]} can be appro-
ximated by a piecewise equicontinuous family of functions, a finite number
of claims can be used to approximate a complete market, even if there are
an infinite number of individuals. Clearly the greater the "degree" of
equicontonuity (the larger & for given ¢).the fewer claims are necessary for
a given closeness of approximation. In this appendix conditions are presented
which insure equicontinuity holds.

The discussion is limited to equicontinuity as the extention to piece-
wise equicontinuity is obvious. .Let p(s) be the price of a claim to a dollar in
state s. That is to say, the market price of any asset is the integral of the pro-
duct of its return function and p(s). If-rj(s) and f {vi(s)] are continuous (supply
and demand) and p(s) <1 (one can hold a dollar) price. will be continuous. It may
be that p(s) in the complete market differs frém any price function used in an in-

- complete market. This does not matter, as the more closely a market approximates

the complete market the more closely a price function used in this approximately
complete market approximates p(s). Conditions will be g£ven under which p(s) con-
tinuous implies that vi(s) can be approximatgd by an equicontinuous family of funetions.

Equi-Risk Aversion Assumption: For all i and Xy» X, € [0, syp_ [v,(s)D)
b

and all A €(0,1),
u [Axl + (1-}) Xz]z_ Aui(Xl) + (1- ) ui(XZ) +ql A=), IXZ-Xll] where q is
a continuous real valued function on RxR non decreasing in its second argument
such that q(x,y) >0 if %, y>0 and q(x, y)=0 if x=0 or y=0.

Theorem If (i) individuals are equi-risk averse, (ii){ ui(77},
{dFi(s)/ds}, p(s) form (almost everywhere) equicontinuous families of functions
with (iii) dFi(s)/ds and p(s) uniformly (essentially) bounded away from zero,

then {vi(s)} can be approximated by an equicontinuous family of functions,



Proof:

The proof proceeds by providing a method to gemerate a counter
example to the denial of the assertion.
Assume the theorem is false. Consider families of simple functionsl/

{gi(s)} approximating {vi(s)} to a desired degree of accurancy; for all

i, £ folvge)Iou; [, ()1} AF,(s) [<o s |15 [y (s)-, ()] p(s) ds< o

for given pl, o, >0. This can be done by the measureability of u, and Vie
Then it must be true for all such families of simple functions that for some
6>0 and any £€>0 there exist s;» S, &[0,1] such that'[sl-sz[< e but
| gi(sl)-gi(sz)[z_éfarsome i (criterion 1).

Consider such a §, ¢ and i. Assume that the largest and smallest
values taken on by some gi(s) in an open ¢' interval g occur at Sq> Sy where

o ] . .

81> 89 €[0,11, [s;-s,[<e’ for e'>e and |g;(s{)-g;(s,) [> & (criterion 2). Let

F, and F2 be the ith probability measure of sets in & such that g(s) = g(sl)syl,

1
g(s) = g(sz)E’Y2 respectively. Take the smaller of F1 and F2 (Fl, say) and shrink

the set around s, until it has probability measure Fl' Call the resulting sets

g = {s Igi(S) =Y SE E},Qz = {s lgi(S) = Y55 SEE, ’QZdFi(S) =F = fgldFi(S)-}

Then J ui[gi(s)] dFi(s) = F1 u(yi) + Fl u(yé).

4%

1/ Functions taking on a countable number of values.
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-

Consider Y= % Y+ %‘YZ. Then

27 u2 ) +F u(y) + 2 F) ad, 6)

Next consider the point

191 p(s)ds Igz‘p(s)ds

-
]
+

I p(s)ds 1 I p(s)ds 2
AR U, '

If gi(s) is replaced by ¥ over the set 91 ng the resulting function

gi(s), otherwise

will cost the same as gi(s):

1 1
IGhi(S) p(s)ds = Iogi(s) p(s)ds.

By the uniform continuity of p(s) and uiCY) if €' is small enough
I ¥ - ¥ lis small enough so that [ui(?)-ui (¢)|<a, for some g such that
0<a<q(%, 8). This implies that:

1 1
joui[hi(s)] dF (s)> foui[gi(s)]'dFi(s) + 2 F) [a(%, §)-a] . As v, (s) maximizes

utility for a given cost,hi(s) is a closer approximation to vi(s) than is
g;(s).

q(%,68) is independent of ¢'. By the equicontinuity of {ui(Y)}’
p(s), e can be chosen small enough so that for some ¢'>e for any approximating
gi(s) and any Sy S, satisfying criterion 2 for gi(s) the related ¥, ?

satisfy | ui(?)-ui(§) [<ae
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Pick any i. TFor s satisfying criterion 2 for given gi(s)

1’ %2
perform the above described improvement technique. Then apply it again on
the newly generated approximating function,... ete. Each time the improvement
technique is applied to generate a new approximating function expected utility
increases by 2 Fl,[q(%, 8)-a] . However the expected utility of the generated
series of approximating functions is bounded above by E{ui[vi(s)]}. As
[q(%, 8§)~a] is a positive constant the probability measure of available s
satisfying criterion 2 must approach zero as more and more improvements made
(ZF1 "' 0)., As the probability measure of available s apﬁroaches zero, the
linear measure must also approach zero by the uniform lower bound on {dFi(s)/ds}.
Continue the improvement technique (k times, say) until the linear
measure of s satisfying criterion 2 is less than ¢' - ¢,
u{s]sel0,1] and®@ s'€l0,1] s fs-s' |< &' and [hi(s) '~ Bi(s") [»8}1< e - &
From the resulting improved approximating simple function h?(s)
delete the values in the range corresponding to all s satisfying criteriomn 2,

Then in each gap put the value of the function h?(s) over an adjacent remaining

*
interval to form hi(s). For example choose

—

% _ k

hi(s) - hi(s) s does not meet criterion 2
h?(s') otherwise

where s'<s, s' does not meet
criterion 2 and for any s"

not meeting criterion 2 such that

k k
1T <l & 1y = "
s s s, hi(s ) hi(s )

s

If ]s - s ]< € then ]h%(s ) - h*(s )|<8
1 2 i1l it 2
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Further hi costs at most an arbitrarily small amount more than h?(s) and
yields at least an arbitrarily smaller amount of expected utility, while
h?(s) costs the same as gi(s) and has higher expected utility. Therefore
h:(s) is a good approximation to vi(s). For each i and any gi(s) form h:(s).
Then fhi(s)} is a family of simple functions approximating Vi(S) such that
for each i for all Sy 3265[0:1] ]sl-sz[< g implies [hi(sl) - h:(sz)|<5
Thus {hi(s)} violates criterion 1 for each i.

The preceding proof depends upon the. (essential) lower bound
and (almost everywhere) uniform continuity of p(s). This in turn depends
upon the continuity of rj(s). However, as mentioned in the text
rj(s) may bé unbounded, and therefore not continuous on [0,l]. However we
may proceed, as in the text, by trumcation. The first moments and cost of
r,.(s) are assumed to exist. TFurther the equicontinuity of {dFi(s)/ds}
guarantees .a uniform bound on dFi(s)/ds. For a given closeness of appquima—
tion rj(s) and p(s) can be truncated over the same subset of [0,%] “for all

individuals.
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