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Bill Dupor*

Abstract

This paper identifies a novel form of dynamic inconsistency of stabiliza-
tion policy in increasing returns models that generate multiple equilibria.
We present a two-period version of the Benhabib-Farmer (1994) externali-
ties model and derive closed-form solutions for all endogenous variables in
every perfect foresight equilibrium. We provide conditions under which the
stabilization policy that maximizes time zero consumer welfare is not time
consistent. Furthermore, we characterize the time consistent stabilization
policy. Our results cast doubts on the usefulness of government coordination
of economic activity when the government lacks a commitment mechanism.
Without commitment, a benevolent government can rule out multiplicity

only by ensuring that a pareto dominated equilibrium obtains.

Models that display multiple, self-fulfilling rational expectations equilibria
provide an interesting mechanism for understanding business cycles. Recent

work on multiple, self-fulfilling rational expectations equilibria includes Azari-
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adis (1981), Farmer and Woodford (1984), Howitt and McAfee (1992), Kiyotaki
(1988), Shleifer (1986), Weil (1989) and Woodford (1988). These models do not
require large shocks to consumer preferences or technology, as in real business
cycle models, or large exogenous random policy errors, as in monetary models,
in order to generate economic fluctuations. In addition, multiplicity may provide
a role for government intervention. As Benhabib and Farmer (1994, p. 40) point
out, “it may be important to explore the possibility that some classes of policy
interventions may be associated with higher economic welfare.” In a similar vein,
Woodford (1991, p. 79) states “it remains possible to distinguish policy regimes
or institutional arrangements that allow for sunspot equilibria from those that
do not, and the choice of policies or institutions of the latter sort to rule out
one possible source of aggregate instability may itself be an appropriate object
of public policy.”

In this paper, we consider a government that cannot levy taxes, but instead
can coordinate expectations of households in the economy. The government
‘selects’ from the set of equilibria to maximize consumer welfare. One may think
of this policy as a signal that households use to coordinate expectations. The idea
of government policy coordinating equilibria without affecting prices or budget
sets of households is not new to us.! If a benevolent government has access to
tools that allow it to pick one of the multiple equilibria, it will pick the equilibrium
that involves the highest consumer welfare. We show that in a two-period version
of the Benhabib-Farmer model, a policy that picks the equilibrium with the
highest time zero consumer welfare may not be time consistent. In addition, we

show that our results apply if the government selects a labor income tax instead

!Evans, Honkapohja, Romer (1999, p. 508) study a model where “when firms make in-
vestment decisions, they pay careful attention to expectations about future economic activity
and understand that the expectations of other firms will determine what takes place. An-
nouncements about monetary policy are one example of a variable that could coordinate the
expectations that different firms form.” In a growth model with mutliple equilibria, Matsuyama
(1991) describes the role for government in promoting confidence and optimism in the private

sector.



of coordinating household expectations.

In the Benhabib-Farmer model, external returns to labor generates increasing
social returns to labor. If external effects are sufficiently strong, there is an
upward sloping labor demand curve. This can lead to multiple equilibria due
to self-fulfilling rational expectations. In addition, external returns to capital
lead to an undersupply of capital in equilibrium. Government manipulation of
household expectations in the future affects savings and labor supply decisions
in the present.

In addition to generating multiplicity, increasing returns has implications for
optimal resource allocations. Importantly, increasing returns can imply that an
optimal allocation involves production bunching. Production bunching and the
undersupply of savings are essential in explaining the time consistency problem
in stabilization policy. Let us sketch out the model and the intuition for the
main result.

Our model has two periods. There is a labor supply decision in both periods
and a capital accumulation decision between periods. The optimal government
policy under commitment takes the following form. The government selects an
equilibrium with high initial period labor supply and low final period labor sup-
ply. The government chooses an equilibrium with high labor supply in the initial
period because labor externalities lead to an undersupply of labor in equilibrium.
Why does the government announce that equilibrium labor supply will be low
in the final period? If households believe that labor supply will be low in the
final period, in the model they respond by increasing labor supply and savings
in the initial period.? With labor and capital externalities, this brings the ini-
tial period variables closer to the pareto optimal level. Households still enjoy
high consumption in the final period through accumulated capital. Production

is bunched in the initial period.

?The result that initial period labor supply and savings increases in response to a decrease
in future labor supply depends upon the particular stance take on preferences and technology,

as we explain below.



Now imagine the government enters the final period and is allowed to reop-
timize. With increasing returns, it would like to select an equilibrium with high
final period labor supply in order to take advantage of the convex production
technology. In addition, the benefits of high initial period savings and labor in-
put cannot be reversed; therefore, the benevolent government has no incentive to
stick to the previously announced low final period labor supply. Forward looking
households realize that a government acting sequentially cannot credibly com-
mit to a policy intervention that is welfare-maximizing among the entire class of
policy interventions.

In the next section, we present a two-period competitive model with external
returns and characterize the perfect foresight equilibria. In section 2, we charac-
terize the optimal stabilization policy with and without commitment and rein-
terpret our stabilization policy as a certain state-contingent tax policy. Section

3 discusses several aspects and implications of our results. Section 4 concludes.
1 Two-Period Benhabib-Farmer Model

In this section, we present a two-period equilibrium model with increasing re-
turns, production externalities and capital accumulation. We provide closed-form

solutions for the entire set of perfect foresight equilibria.

Household Problem
The economy consists of a large number of identical households who live
for two periods. Households derive utility from consumption and not working

according to

1
> [uler) = v (ng)] (1)

t=0

where ¢; and n; denote period ¢t consumption and labor supply. Each household
is endowed with an initial quantity of capital ky and a share in the representative
firm of the economy. Each share pays profit 7; in period t.

In addition to choosing consumption and leisure, agents may also hold capital

k1, between periods zero and one. Each household maximizes (1) by choice of



{co,c1,k1,n0,n1} subject to:
kiy1 = rike + 0k +wing + 7 — ¢ (2)

for t = 0,1, where kg = 1, k2 = 0. Given our finite horizon, there is no incentive
to hold capital past period 1. Finally, households have rational expectations
regarding and take as given w; and 7, the period ¢t wage and real interest rate.

Optimization by households at an interior requires

/
v’ (ne) = w,
u' (ct)
fort =0,1,
u’ (<o)
= )
” (01) r1 +

and that the budget constraint (2) is satisfied with equality for ¢ = 0, 1.
This completes our description of the household problem and the associated

necessary conditions for optimization. Next, consider the firm’s problem.

Firm Problem

The aggregate production function is

ye = (ke)* (ne)” (3)

where o, 3 > 0 and o + 3 > 1. This production technology exhibits increasing
returns-to-scale. The aggregate production function is different from that faced
by individual firms.

The economy consists of a large number of identical firms, each of which
produces output according a production function with externalities. We assume
that if average economy-wide level of labor is positive, the firm-level production

function is
ye = (ke)* (ne)" (k)™ (ng)°°

where k; and 7; represent the average economy-wide levels of capital and labor.
If 7, = 0, firm-level production is given by y; = (k)% (n;)°. This technical

assumption rules out zero labor supply equilibria. Since there are a large number



of firms, from the perspective of a single firm, these external effects are exogenous.
We study symmetric equilibria where k; = k; and n; = f;. Finally, each firm
privately faces constant returns-to-scale, a +b =1, and a,b > 0.

In each period, a firm chooses capital and labor to maximize profits, given
by

Tt =Yt — riky — weng (4)

taking r; and w; as given. Profit maximization implies
riky = ay; (5)

wgng = byy (6)

fort = 0, 1. This completes our description of the firm problem and the associated

necessary conditions for profit maximization.

Equilibrium
We summarize the necessary conditions that the endogenous variables {ng, n1, cg, c1, k1 }
must satisfy in any perfect foresight equilibrium (PFE) by substituting out factor

prices using (5) and (6). These conditions are
v (ng) = b () (ke)® (ng)? ! for t = 0,1 (7)
W (co) = v (e1) (@ (k)™ (1) +9) (8)
as well as the resource constraint
epr = (k)® (ng)P + 6k — ¢ for t = 0,1 (9)

where kg = 1 and ko = 0.
Next, we make functional form assumptions in order to construct closed-form
expressions for the entire set of PFE. Let us assume a =1, 8 =2, u(¢) = log (¢)

and v (n) = n. In this case, our necessary conditions become
¢t = bkyny for t = 0,1 (10)
c1 = ¢ (a (n1)* + (5) (11)
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¢ = ky (n1)% + 6k (12)
co + kl = /{30 (n0)2 + (Sko (13)

We will shortly study the optimal policy when the government is able to select
among equilibrium resource allocations. The government will maximize (1) sub-
ject to the resource constraints (12) and (13), as well as the constraint that the
labor supply choice is consistent with an equilibrium in both periods (10), and
that the capital allocation is consistent with an equilibrium (11). This Ramsey
problem is non-standard only in that the government does not select from a set
of tax instruments, but from among a set of equilibria.

Of course, the government choice of equilibria is trivial if the equilibrium
is unique. It is therefore important to establish that there is not necessarily a

unique PFE. Substituting out ¢; in (12) using (10) at ¢t = 1, we have
k1 (n1)2 —bkiny +6k1 =0

Since k1 must be positive if consumption is positive at ¢ = 1, we may cancel k.

We are left with a quadratic equation in n;.
(n1)> —bny +86 =0 (14)

Applying the quadratic formula to (14), there are two possible values of labor

supply at t = 1:

nh = % (b+ V2 - 45) (15)
nt =1 (b — V= 45) (16)

2

In order for n?*,n} to be real valued, we assume that b2 > 45.> Note that n; does

not depend on k1. A larger capital k1 induces a positive income effect in the

3Given that b < 1, it may seem that the retention rate § would have to be unrealistically low
in order to generate multiple equilibrium. Two comments are in order. First, the retention rate
in our two period model is difficult to compare with the same parameter in an infinite horizon
model. Second, our analysis sets out to describe a new mechanism for time inconsistency of
government policy. Several unrealistic assumptions, such as the aggregate production function
(3) and a low retention rate, are adopted in order to derive closed form solutions and analytic

results.



final period, because undepreciated capital is consumed, which tends to reduce
ni. On the other hand, a larger capital stock raises the marginal product of
labor, which tends to increase ni. These two effects exactly cancel out with log
utility in consumption and constant social returns to capital. This is important
because the government choice of labor supply entering into the final period will
be independent of initial period actions of the government or households.

At t = 1, labor supply will either be high or low and less than b, which we

state as a lemma.

Lemma 1: 0 <n} <b/2 <nl <b< 1.

Proof of Lemma 1: All proofs are in the appendix.

Lemma 1 will be useful in characterizing the initial period labor supply. In
particular, if households expect that w; will be low because aggregate labor
supply is low at time one, then they will increase time zero labor supply because
of a wealth effect. Since the production of output is convex in labor, total output
across the two periods may be largest if labor supply is bunched in the initial
period.

Next, we characterize labor supply at ¢ = 0. Substituting (10) and (13) into

(11) gives us a quadratic equation in ng.
2 2 _
ny (ng)” — [bnl—l-(?—l—a(nl) }no—l—énl—()

For a given value of ni, two distinct values for ng solve this quadratic equation.
Since there are two potential values for ni, there are a total of four possible
values of labor supply at ¢ = 0, which we denote ngj for ¢ = h,l and j = h,l.

. , N 2
Letting ¢/ =bnl +6+a (n] ) , the four equilibrium period zero values of labor

= oo (070 00 (') )
=g (¢ =)~ ()') (19

supply are




for j = h,l. Summarizing, there are four equilibria, each of which is described
by a pair (néj,n{) for i = h,l and j = h,1.*

It is a straightforward to show that nf! > n" by examining (17) and (18).
This provides a partial explanation of why the production bunching equilibrium
maximizes time zero household welfare. Expectation of n! instead of n} leads
to greater labor supply in the initial period. The intuition for this inequality
is not straightforward. Recall that by equation (14), final period labor supply
does not depend on k;. This occurred because there were offsetting income and
substitution effects on final period labor supply.

One might expect that these offsetting income and substitution effects would
imply that ng and k; do not depend on ny. Why is this not the case? First,
announcing that labor supply will be lower in the future period reduces income
in the future period. This income effect tends to increase ng and kq. This effect
was emphasized in the introduction. On the other hand, announcing a low future
labor supply also reduces the real interest rate since the future marginal product
of capital will be lower if future labor supply is low. This effect tends to reduce
ng and k1. However, this effect is smaller in magnitude than the opposing income
effect because there are capital externalities. Equation (11) demonstrates that
only part of the returns to capital, in the form of higher labor productivity, are
internalized; therefore, only part of this real interest rate effect is internal to the
firm. For example, without external returns to capital in this model, ng would
not depend on n;.

The remaining endogenous variables for a particular equilibrium may be cal-
culated using the above necessary conditions. The law of motion for consumption
is

cf =bny (19)

cf =bn] [(ngj) —bng + (5] (20)

4Time zero labor is positive in every equilibrium by straightforward examination of (17) and

(18).



This completes our characterization of the model’s perfect foresight equilibria.
In the next section, we present the optimal stabilization policy with and without
commitment. We will make repeated use of our expressions for the equilibrium

values of consumption and labor derived above.
2 Optimal Stabilization Policy

In the previous section, we provided conditions under which there exists multiple
equilibria due to increasing returns. As discussed in the introduction, equilibrium
multiplicity may provide a justification for government intervention. We study
the policy of a benevolent government that selects from among the set of perfect
foresight equilibria with and without commitment. The timing of decisions in

both cases is presented in Diagram 1.
2.1 Without Commitment

Without commitment, we solve the government’s problem by working backwards.

First, consider the optimal government policy in the final period.

Final Period

Entering period one, k; is given by previous actions of households, firms and
the government. Taking k; as given, the government chooses a value of n; to
maximize consumer welfare at ¢ = 1 that is consistent with equilibrium. Let z;
denote the utility of the representative household entering the final period with

capital ki, where the government behaves optimally:

z1 (k1) = max l {log (¢1) —n1} (21)

me{nt.n}

where ¢y = bkinq. This restriction for ¢y is the incentive compatibility constraint
(10) at t = 1.

If n1 were a continuous choice variable, the value function would be maxi-

mized at labor equal to one. Note that this is independent of the value of k; for

reasons described in section 1. In addition, the objective is concave and increas-

ing in nq for ny < 1. Since both choices for labor {n’f, nﬁ} are less than one by

10



lemma 1, the optimizing government will choose the larger value n”.

The intuition for this result is straightforward. Since there are positive ex-
ternal returns to labor, part of productive labor effort is not internalized to the
firm. At time one, every equilibrium value of labor supply is, therefore, less than
the pareto optimal choice of ni. From among the equilibrium values of labor,
nf and n!, a higher labor supply is preferred. Having chosen the optimal final

period policy, consider the optimal initial period policy.

Initial Period
At time zero, the government chooses labor supply ng to maximize
2= max log(cp) +log(c1) —ng —nl (22)
noe{ngh,néh
subject to (19) and (20), which define the law of motion for consumption. The
time zero government takes the optimal labor supply decision in the final period
as given at nf. Substituting (19) and (20) into (22), we have
Zp = max _log (bng) + log (bn? [(no)2 —bng + (5D —ng — n?
noe{ngh,nf)h}

Next, we must find the optimal ng. The next three lemmas will be useful.
Lemma 2: For ng € [b,2b), U (ng,n1) is increasing ny.

The intuition for Lemma 2 is straightforward. Since there is an undersupply
of labor due to positive labor externalities in both periods, every equilibrium
involves too little labor supply relative to the pareto optimal allocation. The only
caveat to this statement is that for very low levels of ng, U may be decreasing in
ng. When ng is very low, the marginal product of labor is low and the marginal
disutilty of working is one. This does not occur in the relevant region ng € [b, 2b).
The next lemma provides three inequalities concerning initial period labor supply

in the alternative equilibria.

Lemma 3: (i) n{* < b/2; (ii) nf" > b; (iii) nf* < 2b.

11



Lemma 4: U (b,n1) > U (ng,n1) if 0 < ng < b.

Theorem 1: The time consistent optimal government stabilization policy is
(nf,ml).

It was previously established that at time one, a government that maximizes
household welfare chooses the equilibria with high labor supply. At time zero,
the government must choose labor supply that is consistent with both equilib-
rium as well as high time one labor supply. The government may select either
néh or ngh. Together Lemmas 2 and 4 show that in a relevant range, higher
labor supply is preferred to lower labor supply. This occurs because positive
labor externalities lead to an undersupply of labor in every equilibrium. Finally,
Lemma 3 demonstrates that nll* is less than nfi and that both n{f* and n}" are
in the relevant range of labor supply values. Therefore, the welfare-maximizing
time consistent equilibrium involves high labor supply in both periods.

In the next section, we show that under commitment the time zero welfare-

maximizing equilibrium involves high initial and low future labor supply.
2.2 Under Commitment

First, consider the problem of a benevolent government under commitment. With
commitment, the government selects (ng,n;) from the entire set of PFE in order

to maximize
log (co) +log (c1) —no —m1

. oy iy 7 i-
subject to (19), (20) and the restriction (ng,n1) € {(no ,n1>}i:h7l;j:h7l. Substi

tuting out (19) and (20), the government objective function is

U (ng,n1) = log (bng) + log (bn1) + log ((%)2 —bng + 5) —ng —m
Note that U = 0.
Lemma 5: (i) nfl <nfl; (ii) nf < nbh; (iii) nf! > b; (iv) nht < 2b.

The following theorem provides conditions under which a benevolent gov-

ernment under commitment would choose the production bunching equilibrium.

12



The main expression in Theorem 2 that must be checked is (23), which deter-
mines whether higher utility is achieved under (n’(}l,nﬁ) than (ngh,n’f>. This

expression is complicated.
Theorem 2: The time zero optimal government stabilization policy under com-

mitment is (ngl, nﬁ) if and only if

kf'l ¢l
k{bh¢h

> exp (bV/b? — 48 — b + 45)1/ ’ {oxp [b? (4 - b) Vb? — 46| }1/ Y(3)

where ¢/ = 67 + \/<9j)2 — 46 (n{)Q

The proof of theorem 2 consists of three pairwise time zero utility compar-
isons of different equilibria. Let Uéj denote the time zero household utility of
equilibrium (néj , n? ) First, we show that Uébh > Uéh. Lemmas 2 and 4 provided
conditions under which higher ng holding fixed n; results in higher household
utility. These results apply since, by Lemma 5(ii), nf® > nl*. Second, as a part
of the proof of Theorem 1, we establish U} > U[l. Recall that there are returns
to labor that are not internalized to the firm. In every equilibrium, there is an
undersupply of labor. Intuitively, an equilibrium with low labor supply in both
periods is pareto dominated by an equilibrium with high labor supply in at least
one period.

The third and final required inequality is U} > U[l". This inequality holds
if and only if (23) is true. Because of external returns to labor, there is too
little labor and output in every equilibrium. At first look, it may seem that
the equilibrium that (n’gh, n’f) generates the greatest total output. This is not
necessarily true. Imagine a household at time zero has a change in expectations
that wages at time one will be low instead of high. The reduction in permanent
income induces the household to increase time zero labor supply. In fact, it is
possible to show that n! > nfi. Because of increasing returns to labor, a higher
ng increases the marginal product of labor and therefore the wage. Thus, the

income effect of a falling future wage is amplified by the substitution effect.

13



Not every parameter configuration generates a time consistency problem. In
Section 3, we compute numerically which values of the underlying parameters
(b,6) imply U}t > Ubr. Tt Ut < ULP or, equivalently, (23) holds, then the
highest time zero utility equilibrium is (ngh, n’f) and there is no time consistency
problem.

In part, theorem 2 holds because a benevolent stabilization authority recog-
nizes the usefulness of production bunching when there is increasing returns to
labor. It may not be obvious why high labor is preferred in the initial period
over high labor in the final period. Why is U # U&*? When labor is high in
the initial period, the capital stock is high between the initial and final periods.
This has two effects. First, it allows the household to save output across periods.
Second, a high capital stock in the final period raises the productivity of labor in
the final period. This second channel is not operative if production is bunched
in the final period; therefore, the welfare maximizing equilibrium concentrates
production in the initial period instead of the final period.

Let us take a sample parameter configuration. Consider the following se-
lection of underlying parameter values: b = 0.7, = 0.1. In this case, the
assumptions of theorem 1 clearly hold and the time consistent strategy involves
high labor supply in both periods. In addition, the assumptions of theorem
2 hold and the optimal policy with commitment is (ngl,nll) Table 1 lists
the endogenous variables and time zero household utility in every equilibrium.
Labor supply in the high-high equilibrium is (n’gh,n’f) = (0.94,0.50), with
time zero utility Uébh = —4.11. Labor supply in the high-low equilibrium is
(ngl, nll) = (1.17,0.20), with time zero utility U = —3.96.

The highest utility equilibrium involves high initial labor supply and low
future labor supply. This is consistent with production bunching—higher labor
supply increases the marginal product of labor because of increasing returns.
It should not be surprising that this equilibrium gives the highest utility. As
explained in Theorem 1, this equilibrium is not time consistent because the time

one government, if given the opportunity to deviate, will choose high labor supply

14



in order to take advantage of increasing returns.
It is important not to focus on total labor supply across both periods as
a measure of economic activity. Note that total labor effort is greater in the

high-high equilibrium, that is nf* 4 nf

> nf! + nt. This does not contradict
theorem 2, because households are really concerned about is total output (with
some emphasis on its time profile). If the production function is convex in labor,
then an unevenly distributed labor supply with a lower total may generate more
output than an evenly distributed labor supply with a higher total. In addition,

the capital stock is much larger in the production bunching equilibrium, which

is welfare improving because of the external effects of capital.
2.3 Stabilization Policy as a State-Contingent Tax Policy

In a two-period growth model with external returns to capital and labor, a policy
that coordinates the expectations of households to maximize consumer welfare
may not be time consistent. Despite several examples of models where this kind
of stabilization policy is discussed, notably Evans et al (1998) and Matsuyama
(1991), the reader may question the realism or workability of this kind of stabi-
lization policy. Instead, several authors have studied tax policies that rule out
multiplicity in equilibrium models, such as Christiano and Harrison (1999) and
Guo and Lansing (1998). In this section, we describe how our stabilization policy
can be reinterpreted as a certain type of state contingent labor tax policy.

Assume the government selects a tax on labor 7, = 7, (n;) for t = 0,1 as
a function of individual labor supply. In addition, assume that the government
cannot borrow or lend, may only issue lump-sum rebates and cannot collect
lump-sum taxes. These assumptions together imply 7, > 0 in order that the
government budget constraint is satisfied. Let the government choose a set of
functions (79, 71) to maximize household welfare subject to the constraint that
the equilibrium implied by the choice of 74 (n;) for t = 0,1 is unique.

First, consider the time consistent solution to this problem. Entering the final

period, the government would not impose a tax on labor supply in equilibrium

15



since every equilibrium n; involves too little labor supply in the final period.’
Although the government will not tax labor in equilibrium, it would prefer n?
obtain. It can accomplish this by setting 71 (nﬁ) very high. This makes the low
labor supply inconsistent with consumer optimization and, therefore, equilib-
rium. Without commitment, the tax policy guarantees final period labor equals
3

Working backwards, the initial period government maximizes time zero utility
subject to the constraint that equilibrium taxes will be zero at ¢ = 1 and that

ny = n?. By the same argument as above, the government will not tax initial

period labor in equilibrium and it prefers ngh to nf)h

. It can accomplish this
by setting 7¢ (néh) very high and 7¢ (ngh) = (. Therefore, the time consistent
allocation where the government coordinates households expectations is identical
to the time consistent allocation where the government selects a state-contingent
tax policy.

Next, consider the solution to the government problem with commitment.
The allocation (ngl, nll) is feasible under this policy. This equilibrium obtains if
the government sets 7¢ <n8l> =T (nll) = 0 and 7 very high at all other values of
labor supply. This demonstrates that there is a time consistency problem when
government chooses a tax policy. There exists a feasible allocation with com-
mitment (ngl, nll) which dominates the optimal allocation without commitment
(nf,ml).

In fact, although (n’d‘l, nﬁ) is feasible under commitment, it may not be op-
timal. Under commitment, the government may want to have a positive final
period labor tax in equilibrium since a value of n; below n} may induce greater
initial period savings and labor input that increases welfare. This implies that

using tax policy instead of equilibrium selection as the policy instrument may

magnify the time consistency problem by increasing welfare under commitment

®The government would like to subsidize labor in equilibrium because of the externality.
This is ruled out by our asssumptions that the goverment may not borrow or issue lump sum

taxes.
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and leaving welfare unchanged without commitment.
3 Further Exploration

Using a discrete time, finite horizon model, we have analytically characterized
the endogenous variables in every PFE of the model. Since there are only two free
parameters of the model, the depreciation rate (1 — §) and the private returns to
labor b, it is easy to trace out all of the parameter configurations that generate
time inconsistency.

Figure 3 identifies the highest time zero utility equilibrium for all configu-
rations of b and §. Values of § are on the vertical axis and values of b are on
the horizontal axis. An ‘x’ denotes a (b,§) pair with highest utility occurring
at (ngl,nll) and an ‘o’ denotes a (b,0) pair with highest utility occurring at
(ngh,n’f). The upper left side of the graph is blank. In this range, b?> < 46
and there are no equilibria where households are at an interior solution. Also,
there is no region where the other two equilibria, both of which involve low time
zero labor supply, maximize time zero welfare. Over the entire region, Theo-
rem 1 demonstrates that the time consistent welfare-maximizing equilibrium is
().

From Figure 3, we see that the region where (n’(}h, n’f) maximizes time zero
utility under commitment involves by low values of b and §. First, consider the
private returns to labor, b. A low value of b implies that equilibrium labor supply
is low. If labor supply is sufficiently close to zero, then the marginal product of
labor becomes close to linear. If production is close to linear in labor, then the
incentives for production bunching are diminished. For sufficiently small b, if
multiple equilibria exist, then the highest welfare equilibrium is (ngh, n?)

Second, consider the capital depreciation rate (1 —9). One feature of the
Benhabib-Farmer model in discrete time is that if capital depreciates fully after
one period, then the model will not exhibit multiple equilibria. High depreciation
removes the time consistency problem, because if § is close to zero then the time

zero welfare maximizing equilibrium with and without commitment is (ngh, n?)
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High depreciation reduces the ability of capital to smooth consumption between
periods zero and one. This makes the production bunching of the (n’gl,nﬁ)
equilibrium less attractive to a benevolent government. In the extreme case
where ¢ = 0, it is straightforward to show that the equilibrium is unique and
no=>b+(1—-">0)b,ny =b.

An advantage of using a two period model with restrictive assumptions gov-
erning production and preference parameters is that we are able to prove results
regarding the time consistency of optimal stabilization policy. In some respects
the model is not standard. For example, Benhabib and Farmer (1993) and Guo
and Lansing (1998) consider an infinite horizon, continuous time model. Chris-
tiano and Harrison (1996) study a discrete time infinite horizon model. In numer-
ical simulations not reported in this paper, we demonstrate that this type of time
consistency problem arises in this Benhabib-Farmer model if time is continuous

and the horizon is infinite.
4 Conclusion

In this paper, we have identified a new form of time inconsistency in a standard
model of endogenous fluctuations. In a dynamic growth model with external re-
turns to capital and labor, a stabilization policy that selects the equilibrium with
highest time zero utility may not be time consistent. That is, if the government
is able to revisit its stabilization plan at a future date, it may wish to change its
plan. Our expectation coordination policy was reinterpreted as a tax policy. In
this case, the time consistency problem remains and may be amplified.

Our result is important because it casts doubt on the usefulness of stabiliza-
tion policy to remove fluctuations in a class of ‘animal spirit’ models. In this
model, it is possible for the government to stabilize the economy by selecting an
equilibrium; however, without a commitment mechanism, the stabilization policy
guarantees that the highest time-zero utility equilibrium cannot be reached and
a pareto inferior equilibrium is chosen instead.

This potentially leaves the government with a difficult conundrum: if it
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chooses to stabilize the economy by selecting an equilibrium, it will ensure that
a pareto inferior equilibrium occurs with probability one. If the government is
able to “walk away” from conducting a stabilization policy, then there may be
some chance that households and firms will have expectations that imply the
highest time-zero utility equilibrium obtains. Stated another way, imagine that
the government believes that households have sufficiently optimistic expectations
so that there is a strong chance a high utility equilibrium obtains in absence of
government intervention. In this case, the government may prefer to conduct no

stabilization policy if it can feasibly do so.
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5 Appendix: Proofs of Theorems and Lemmas

Proof of Lemma 1: This holds by (14), and because 6 > 0. B

Proof of Lemma 2: Now we would like to represent some features of household
utility as a function of ng. Since utility is separable from ni, it is sufficient to
study

U (ng) = log (ng) + log (n% —bno + (5) —ng

We know that ng can only take on one of four values; however, it will be important
to develop some facts about the function U. Because utility is unaffected up to
a monotone transformation, we may equivalently study V (ng) = exp (U (no)).
Note that

V (ng) = (n% —bng + 6) [no exp (—no)]

Taking the first derivative:
V' (ng) = exp (—no) [—ng +(b+3)nd — (20 +8)ng + (5}

Letting f (ng) = —ng + (b+3)nd — (2b+8)ng + 4, it is clear that f(ng) > 0
implies V' (ng) > 0.

Note that f is a cubic equation with a negative sign on the (n0)3 term. This
implies f has only one region where f is increasing. See Figure 1. Evaluating
the function and its first derivative at ng = b, we have f (b) =b* +6(1 —b) >0
and f’ (b) =b(4 — b) — 6 > 0. Therefore, f is positive at ng = b and it belongs to
the increasing region of f. For any x > b, if f'(x) > 0 it must be the case that
f(ng) > 0 for all ng € (b, x). Simple algebra shows that f' (2b) =2 (5 —4b)—6 >
0.1

Proof of Lemma 3: (i) Note from (18) that

b 1 1 2
mw_ b 1 ry 1 h
ngy —2—|—2A<n1>—2 (b+ A (nh)) 46

where A (n) = (1 — b)n + §/n. The conjectured inequality holds if

A (nh) </ (b+A (nh))* 46
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Taking the square of both sides, this is equivalent to
2 2
A (k)" < v +2bA (n}) + A (n})" 48
Simplifying,
485 < b% + 2bA (n’f)

Since b? > 46 by assumption and A > 0, this inequality holds.

(ii) nA" > b. From (17) the definition of n2", the inequality holds as long as

23 A () 5y b+ A ()T - 45 > b

Simplifying

VO+A@) —a5>b-A(n})

Squaring both sides and simplifying,

bA (n’f) >0
From the definition of A (n?), this becomes

an’t + i > §

! nf " b
We know that 0 < n? < b which guarantees that the inequality holds.
(iii) Proof by contradiction. Assume n2* > 2b. From (17) and (18), note that

npt +nf = 2y where y = 3 [b +6/nh + anﬂ . Then,

)
n =0+ 7 +anl —nph (24)
1

We will show that n" > 2b implies n§* < 0. From (24), it is clear that if n* = 2b
implies n4* < 0, then n{" > 2b will also imply n¥* < 0. Letting n* = 2b, we
have

0
néh =-b+— —l—an’f
ny

Since we are interested in establishing the sign of nf* under the contradiction,

we can multiply the above expression by nff Then,
2
sgn [nfﬂ = sgn [a (n?) —bnlr+ 6] (25)
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The quadratic term inside the brackets of the right-hand side of (25) is similar
to the quadratic equation (14) that determines the value of n’. In fact these two
quadratic equations differ only in the coefficient multiplying the squared term.

Let us define these two quadratic functions:
F(n)=an®—bn+6

G(n)=n*—bn+o

Figure 4 plots F' and G. First, F' lies below G because a < 1. Second,
G (nf{) = 0 since n% is defined by (14). Since F lies beneath G, this implies
that F’ (nf{) < 0. From (28), however, n{ is negative. Examining (18),it is clear
nY is positive. We have reached the desired contradiction. Note that assuming

nhh > 2b will not reverse the sign of nl'. B

Proof of Lemma 4: It is more convenient to study V (ng) = (ng — bng + 8) [ng exp (—no)],
a monotone transformation of the utility function where we drop terms involving

n1, since they are identical across the equilibria we consider. Note,
V (b) = bdexp (—b)
Therefore the inequality holds if
Sbexp (—b) > [ng — bng + 5} (no exp (—ng)) (26)

The function ngexp (—np) is monotonically increasing in ng for ng < 1. Since

b > ngp, (26) must certainly hold if
o> n% —bng+06
holds. The above inequality holds since b > ng. B

Proof of Theorem 1: From the final government’s problem, n; = n’. Since the
time zero government may only select from equilibrium choices of ng that are
time consistent, the two possibilities are nf]h, ngh. Combining Lemmas 2 and 4,

we know that U (ng,n1) > U (z,n1) for all ng € [b,20) and < b. From Lemma
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3(i), nl* < b/2. This implies U (no,n1> >U (no ,n1> for ng € [b,2b). Lemmas
3(ii) and 3(iii) guarantee that n" € [b,2b) and the proof is complete. B

Proof of Lemma 5: (i) This inequality clearly holds by inspecting (17) and (18).
(ii) This inequality clearly holds by inspecting (17) and (18).
(iii) From (17), the definition of nf!, the inequality holds as long as

b 1 1 2
S5 A (k) + 5V 0+ A () - 48>

Simplifying,

Vo+A0h) 45> b A (n})

Squaring both sides and simplifying,
bA (nh) > 6

From the definition of A ( ) this becomes

6
an1 —l— 5

We know that 0 < n} < b which guarantees that the inequality holds.
(iv) Proof by contradiction. Assume nfi! > 2b. From (17) and (18), note that
nil +nf! = 2y where y = 1 [b +6/nk + anﬂ . Then,
6 hl
=b+—++ an’ —nh (27)
n
We will show that nf > 2b implies n¥{ < 0. From (27), it is clear that if n = 2b
implies n{ < 0, then nf' > 2b will also imply n¥ < 0. Letting ni! = 2b, we have
0
”0 =-b+—+ anl
n
Since we are interested in establishing the sign of n§ under the contradiction,

we can multiply the above expression by n}. Then,

sgn [nfﬂ = sgn [a (nll>2 —bnl + é} (28)
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The quadratic term inside the brackets of the right-hand side of (28) is similar
to the quadratic equation (14) that determines the value of n}. In fact these two
quadratic equations differ only in the coefficient multiplying the squared term.

Let us define these two quadratic functions:
F(n)=an?—btn+46
G(n)=n?>—-bn+6

Figure 4 plots F' and G. First, F' lies below G because a < 1. Second,
G (nﬁ) = 0 since n} is defined by (14). Since F lies beneath G, this implies
that F (nﬁ) < 0. From (28), however, n{l is negative. Examining (18),it is clear
n¥ is positive. We have reached the desired contradiction. Note that assuming

nhl > 2b will not reverse the sign of nl. W

Proof of Theorem 2: Let Uéj define the time zero household utility if time zero
labor is i and time one labor is j. The proof consists of three parts: (i) U > U,
(ii) UP > Uf; (i) UM > Ubh.

(i) Lemmas 2 and 4 compare time zero utility as ng varies holding n; fixed.

This makes Lemmas 2 and 4 appropriate for comparing allocations (n’gh, n’f) and

(nf)h, n?) Combining Lemmas 2 and 4, we know that U (ng, n’f) >U (m, n?) for
all ng € [b,2b) and = < b. There are two cases. First, if nf' < b, then Ul > Ul
by Lemma 5(iii) and 5(iv) which establish that n" € [b,2b). Second, if n{f* > b,
then UM > Ul by Lemma 5(i), 5(iii) and 5(iv), because U (no,n@ is increasing
in ng for all ng € [b,2b).

(i1) This inequality is derived as part of the proof of Theorem 1.

(iii) UM > U is equivalent to

K (ngl exp (—ngl» (nll exp (—né)) > ki (ngh exp (—ngh» (n}f exp (—n?))

Let ngj = ¢ / (Qn{) for j =1, h. The above inequality is equivalent to

( ikl ) exp (nlf - nll) > exp (ngl - n8h> (29)

kf'hqﬁh
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Next, it is straightforward to show

nf—nl =\/b2—46

nht — nhh = % {b\/bZ — 46 + \/(b+ A (nh))? — 46 — \/(b+ A (nh))? - 46J (30)

Using (30), we have an expression for the RHS of (29):

1/2

o [ (Vo a0 = a0)
exp (V (b+ A (n))” - 46)

exp (ngl — n8h> = exp (b\/ b? — 46)

Simplifying,

exp (nll —nf) = exp (b5 —48) {exp [(Al)2 — (A o (al - Ah)} }

1/4

This simplifies even further:
hl _ . hh 2 1/2 2 5 1/4
exp (no —ng ) = exp (b\/b — 46) {exp [b (4—0b)Vb* — 4(5} }
The inequality (29) becomes

( E'of ) exp (b* — 46)1/2 > exp (bm)w o 17 (4 =) VP =43 }1/4

kizhd)h

This completes the proof. B
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Diagram 1. Sequence of Events

Markets Marketsin labor, capital Marketsin labor, capital

and goods meet (agents use and goods meet (agents use

government provided expectations) government provided expectations)

l k, predetermined
t=0 t=1
Government Announces Announces
(without commitment) “expectations” “expectations”
for w,, and plan for for w

fUtUTEMﬁ announcement

Gover nment Announces
(with commitment) “expectations”
for wg, w,

Note: At each node, government chooses policies in order to maximize future utility of households. Without commitmensisteroy requires
that w, = w;.
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Fig 3: Time Consistent and Inconsistent Stabilization
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Table 1. A Numerical Example

Low Labor att=1

High Labor att=1

L ow Labor Uo=-8.12 Ug=-7.52
att=0 no=0.09; n; =0.20 no=0.11; n; =0.50
c, = 0.007; k; = 0.047 c, = 0.013; k; = 0.037
High Labor Uo=-3.96 Uo=-4.11
att=0 no=117;n;=0.20 No=0.94; n; =0.50

c; = 0.092; k; = 0.658

c, = 0.116; k; =0.330

Note: Inthisexample, b=0.7 and d = 0.1. For every equilibrium, co = b(ny).




